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Abstract. We present a density functional theory which connects nuclear matter equation of
state, which incorporates clustering at low densities, with clustering in medium and heavy
nuclei at the nuclear surface. This explains the large values of symmetry energy reported by
Natowitz et afor densities < 0.0fm?, in addition to the binding energies and charge rms radii

of 367 spherical nuclei. The present theory which is partly macroscopic competes with other
high quality microscopic-macroscopic approaches. Merits of the results with clustering and no-
clustering are discussed. We also make connection with realistic interactions (AV18+UIX/IL2)
which have been used &b initio calculations in s- and p-shell nuclei and neutron matter.
Theory predicts new situations and regimes to be explored both theoretically and
experimentally. It is demonstrated that, due to clustering, the neutron skin thickness reduces
significantly.

1. Introduction

In this paper we present a phenomenological theory of nuclei which incorporates clustering at the
nuclear surface in the most general form. The theory explains the recently extracted large symmetry
energy at low densities of symmetric nuclear matter (SNM) by Natetvik[1] as well as the static
properties of nuclei, namely, the binding energies and root mean square radii. Two new ideas are
introduced:

1. In a phenomenological way cluster of all sizes, shapes along with medium modifications are
included. This modifies the equation of state (EOS) of nuclear matter at sub-nuclear densities
significantly.

2. The importance of quartic term in symmetry energy is demonstrated at and below the
saturation density in nuclear matter. It is shown that it is due to use of realistic EOS of neutron
matter particularly the contribution arising due to three-nucleon interaction and also due to
clustering. This is also a significant departure from the normal practices.

We postulate that the energy per nuclé&gp) of nuclear matter at zero density is equal to its
value,—u, (~ —16 MeV), at the saturation densipy (~ 0.16fm®), whereu, is the coefficient of the
volume term in the Weizsacker mass formula. This can be shown in the following way. In the limit of
zero density, consider that SNM consists of an ideal gaspefticles [2]. TherkE(p) of SNM =~ —7.3
MeV, energy per nucleon of theparticles, since Coulomb interaction is switched off and density is
low enough so that mutual interaction betweeparticles can be ignored. This energy is lower than
the energy of the gas of nucleons in the limit of zero density, e.g., in mean field theories where
E(0)—0 asp—0. But why a-particles; instead we may consider heavy nuclei, in fact large chunks of
SNM where we can ignore surface effects. The energy per nucleon of these large chunks of SNM
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appoach-u,. We keep the densities low enough so that these chunks do not interact with each other.
The central densities of these large chunks themselves apprgattie saturation density. It then
follows thatE(p—0) — —u,. This leads to the identity

E(o - 0) - E(p,) =y, (1)

We shall incorporate the above identity in our calculations and demonstrate its effect on the
symmetry energy and the static properties of nuclei. The identity (1) may also affect the dynamic
properties of nuclei; but we do not address to these in the present study. They shall be taken up
elsewhere. Another important aspect of the study is the use of realistic EOS of neutron matter [3,4]
obtained withab initio calculations using Argonne AV8’ [5] and UIX [6]. Use of thede initio
calculations strongly indicates the presence of quartic term in symmetry energy. Though our theory is
mostly phenomenological, but it maintains a close and direct connection with bare and realistic two-
and three-nucleon interactions. This again is quite in contrast to earlier such studies which have either
very little or no connection with realistic interactions [7-12]. In the following sections we describe our
methodology and results followed by conclusions.

2. Nuclear M atter Properties and Extended Thomas-Fermi Theory
The EOS of nuclear mattedf(o,d), with arbitrary isospin, can be expanded by Taylor series

E(0,0)=E(0,0=0)+ S(p)d* +Q(p)o* 2)

whered is the isospin variablex— o,)/p ando,, g, andp are the neutron, proton and total densities,

respectively. Because of charge symmetry the odd powe¥sdoes not contribute. In expansion (2),

we have retained terms up t8 gower ofd The density dependent coefficient of the quadratic term is

the familiar symmetry energy. At present, we have no idea about the density dependence of the quartic

termQ(p). We make the simplifying assumption ti&§p) andQ(o) are proportional to each other, i.e.,

they have the same density dependence. W&put (1-0) Esym (0) andQ(0) = q Esym (0) where we

exploit the assumption th&(0) is proportional t&0). The density independent parametés found

to play important role when realistic EOS of neutron matter is employed. From now onwards we shall

assume that these substitutions have been implemented in (2). The first termrtencth@) is the

EOS of SNM, i.e.E(p,6= 0)= E(p).

In density functional theories (DFT), EOS of nuclear matter enters in an essential way [12-15]. In
most of these studies Skyrme density functional [12] has been employed. Clearly it does not satisfy the
identity (1). We use quite general density functional, independent of any specific interaction, which
incorporates (1). This is in line with DFT theories, where effective interactions are secondary to the
theory. It is the density functional that defines the force [16]. Following [17-19], we write

E(p.)=-u, +1—2((p-po)/po)2 +M((p-p,)/p,), forp=p (3a)

Hp.)=-u + Ao+ Bp*+Cp°® +Dp* + &> T’ p /12)** I5m, for p < p. (3b)
Notice in (3a) and (3b) when approacheg, and 0, respectivelE(0) approachesu, satisfying the
identity (1). K is the compression modulus which we assume 230 MeV R0 anharmonicity
parameter to be determineal. is a density parameter between 0 andrhe constants, B, C andD
are determined by equaliziigfo.) andE(p.) and their first three derivatives at= g. u, andg, stay
close to generally accepted values of 16 MeV and fufprespectively. Thus (3) contains essentially
two parameters, nameM and o,. if we drop the-u, term in (3b) we get the result of mean field
theories thatE(o—0)—0. In this situation there will be no clustering aetnuclear surface. We
consider both the situations.

The symmetry energ¥sm (0), is defined as the difference between the energy per particle of pure
neutron matterg (o, 0= 1) and the SNM. A positive feature of the present approach is that the
microscopically calculated homogeneous EOS of neutron matter can be directly employed. We use the
recently calculated values [3]. This has been obtained by employing an accurate fixed phase AFDMC
technique with 66 neutrons enclosed in a periodic box with Argén® [5] and Urbana three-
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nucleonUIX [6] interactions. In Fig. 1, left panel, we plot the results of Ref. [3,4] which we use in our
calculations.
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Fig. 1: EOS of neutron matter, left panel. The solid line is with AV8'+UIX and dashed line with
AVS8'’ alone. In the right panel EOS of symmetric nuclear matter is plotted. For details see text.

For calculating the energies of nuclei, we use an extended version of Thomas-Fermi theory [12]. In
addition, we include the shell correction, which we extract from Ref. [21], pairing from Ref. [10], and
a Wigner contribution similar to Refs. [8, 9]. We thus write the energy as a functional of neutron and
proton densities:

z[p,.0,]=[[E@p+ @ 1207, (0,.0,) +7.(0,.p,)) +a,(0p)] oF
+ I[(l- AE,,.(p)d* + gE,,(p)0* ]de

+ (1/2)2J',op C o, ¢ )IF -7 ¢rdr- (3/4)(3/71)”3e2_|',o,‘j’3(r“)dr“

+ Shelk a, A*°A _+E,
The integral in the first line can be identified as the volume and surface term. Next integral (second
line) is the contribution due to symmetry energy. Third line is the Coulomb, direct and exchange
terms. Details regarding the kinetic energy densitiesxdz, can be found in Ref. [12]. Fak,, we use
the prescription as given in Ref. [18 is the Wigner contribution defined as

Ey =Viy oA (N 2/ A}+ W, [N=Z|ep(~(A/ A)*) (5)

Our parameter valuegy, A, Wiy andA, are consistent with Refs. [8, 9]. For the neutron and proton
variational densities, we use three parameter modified Fermi distribution;

Pr(p) (I‘): Nn(p) /(1+ eXp((r - Rr( p))/tn(p)))mp) (6)

whereR ), typ), and g are variational parametemd,, is the normalization constant which takes

into account the correct number of neutrons(protons). We vary the six parameters for each nucleus to
minimize the density functional (4). Fits to energies or nuclear masses are obtained by minimizing the
rmsdeviationg(E) defined as

(4)

o(B)= \/Z(E:heo ~EL,) IN, (7)

whereN is the total number of nuclei included in the fit and rest of the symbols are self evident. We
similarly define thems deviationso(R). We minimized(E) by varying the parameters of the theory,
namely,M, u, o a, 0, aar and the parameters in the Wigner tevim A, Wiy and A, for specific

values ofg,. The parametep, is sensitive to the symmetry energy data of Natowiital It fixes it
around 0.050.06fm™.
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3. Results and Discussion

Neutron Matter Clustering  o(E) o(R) q
AV8'+UIX Yes 1.489 0.022 0.0
AV8'+UIX Yes 0.589 0.020 0.168
AV8'+UIX No 0.637 0.024 0.150
AV’ Yes 0.570 0.020 0.082
AVE’ No 0.622 0.019 0.062

Table I:o(E) is in units of MeV an@(R) in fm®. See text for details.

We consider 367 spherical nuclei [22]. These are the same set of nuclei as considered by Bhagwat
et al[23]. For thermsradii, we consider all the 149 nuclei out of the 799 nuclei of Ref. [24] which are
common to the set of 367 nuclei. Calculated energies are obtained variationally by varying the density
through the six variational parameters of (6). We adopted an automated technique to search for the
parameters of the theory while minimizia§E). We display our results fa®(E) ando(R) in Table 1.

All the entries in this table are fg = 0.06fm?®. The first column specifies the use of the neutron
matter EOS- AV8'+UIX which stands for the solid curve of the left panel of Fig.1, and AV8’, the
dashed curve. “Yes” in the second column of the table implies that calculations have been performed
using (3b), and “No” implies that they have been carried out by droppingitherm in (3b), i.e., no
clustering. The first row gives result with= 0, i.e. no isospin quartic term for fixed valuesopf

varying the other parameters. It seen (&) is quite larges 1.5 MeV. When we varg, second line

of results, we observe a dramatic reductiorpig), almost by a factor of three. This sufficiently
justifies inclusion of the isospin quartic term. When we drom (3b), i.e. no clustering, we find an
increase inb(E) by ~ 7.6%. A similar situation is encountered with AV8'. Here the increasgbis

around 9%. Thus clustering does affect ¢fE) values though by a modest amount. However, as we
shall see, its impact on symmetry energy is quite significant. We also noticg tahtes for both
AV8'+UIX and AV8' decreases in the no clustering situation. Thus our results demonstrate that
guartic isospin term plays a significant role. It arises particularly due to UIX in the EOS of neutron
matter and clustering also contributes to it. Our valuegef are quite close to the value obtained in

Ref. [9], 0.581 MeV, where they use Hartree-Fock-Bogoliubov approach using Skyrme interaction and
a few phenomenological prescriptions. This comparison has to be made in a proper perspective. In
Ref. [9], the authors consider 2149 nuclei. When we include 2149 nucleiBuvalues become

0.664 and 0.637 MeV for AV8'+UIX and AV8’ respectively. Reasons for this increase are following.
Firstly, density functional (4) with the densities (6) is spherical. Many of the 2149 nuclei have regions
of deformation. In our case this deformation is contained in the microscopic shell correction which we
have taken from Ref. [21]. Thus our calculations lack a certain amount of self consistency; though we
expect its effect to be small. The second reason lies with the calculations of Ref. [9]. The Brussels-
Montreal group uses an effective Skyrme interaction which mimics or rather coincides with the
Friedman-Pandharipande [25] EOS of neutron matter which is softer compared to EOS of Ref. [3]
which we have employed. According to Ref. [9], the use of a stiffer EOS, for example of APR [26],
deteriorates the value o{E) which is with AV18+UIX. We may point out that in the density region

0 to i there are only small differences between the EOS of neutron matter of AV18+UIX and
AV8'+UIX [3] which we have used. This apparent increasefig) of the Brussels-Montreal group,

we think, is due to absence of the quartic isospin term in the Skyrme density functional.

Our parameter values are as follows: (A) For AV8'+UIX, corresponding to result line 2 of Table I,
a, = 38.709 MeV fm, ayy; = -5.912,M = -13.410 MeV,» = 0.1586 fri?, u, = 15.970 MeV.,V,, = -

2.98 MeV, A = 200,W,, = 0.343 MeV andd, = 68. (B) For AV8’, corresponding to result linea},=
38.178 MeV fm, aar = -5.76,M = -13.093 MeV,» = 0.1585 ¥, u, = 15.935 MeV,V,, = -2.60
MeV, A = 347,W,, = 0.320 MeV and\, = 68.
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Fig. 2 (color online): Solid curve (red) corresponds to parameter set (A) and the dashed (black)
curve to the set (B). For details, see text.

In the right panel of Fig. 1, we give the results for EOS of SNM. The solid (red) curve is with
parameter set (A) and the dashed (black) curve with (B). The dotted line and the triangles are the
calculations of APR [26].

In Fig. 2, we give results for the symmetry energy. The color code and legends for the various
curves are same as those described above for Fig. 1 (right panel). The dotted curve represents the
guantum statistical (QS) calculation at T = 1 MeV. The down blue triangles are the data from [1]
without correction to medium effects. The up red triangles are the data with medium corrections which
is quite significant. The down blue triangles have downward trend with decreasing densities, whereas
the up red triangles have upward trend. Our calculations distinguish between the two sets of data, the
up red triangles and the down blue triangles. Our symmetry energy shows a distinct minipwim at
0.02 fm®. Above this density the quasi particle picture is dominant and below this density clustering
plays the crucial role. In QS approach this minimum is not seen. This is because heavier clusters are
not included in this approach. It is therefore important that this region of the density should be
experimentally explored. The right panel of Fig. 2 gives the overall picture. The data points
represented with circles are from [27].

Neutron skin thickness [28] is usually defined as the difference betweemshmadii of neutrons
and protons. We expect the clustering to afftsignificantly as it is a direct surface phenomenon.

We find that for®®Pb dR = 0.10fm with clustering. Its value without clustering is 0ff6

The above considerations have consequences for neutron star studies and hypernuclei [29]. For
example, in case of hypernuclei, because of cluster formatiov\-tineding to nuclear matter in the
vicinity of zero density will approach to its value at the saturation density which is around 30 MeV.
This will have interesting consequences Aesingle particle energies. We may also point out that we
have constrained our theory with the realistic two- and three-nucleon interactions which explain the s-
and p-shell nuclei [30] and the NN scattering data [5] below 340 MeV.

4. Conclusions

We close the foregoing presentation with the following remarks. We have developed a theory of nuclei
which explains the low energy symmetry energy data of Natatitd at low densities of nuclear

matter and at the same time consistent with the static properties of nuclei. We find that the slope of the
symmetry energy curve is negative at low densities which leads to a minimum in the symmetry energy
at p ~ 0.02fm®, below which clustering starts dominating and above which the quasi particle picture
prevails. We have also demonstrated that quartic term in isospin plays an important role. It arises due
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to use of realistic EOS of neutron matter, mainly due to three-nucleon interaction. Some of the isospin
guartic contribution also originates from clustering.
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